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ELASTIC AND PLASTIC BUCKLING OP 
METALITE TYPE SANDWICH PLATES 


SIMPLY SUPPORTED 
IN COMPRESSION 


By Paul Seide and Elbridge Z . Stowell 


SUMMARY 


A solution is presented for the problem of the compressive buckling 
of simply supported, flat, rectangular, Metalite type sandwich plates 
stressed either in the elastic range or in the plastic range. Charts 
for the analysis of long sandwich plates are presented for plates having 
face materials of 2^S— T 3 aluminum alloy, 75 S— T 6 Alclad aluminum alloy, 
and stainless steel. 

A comparison of computed and exper i mental buckling stresses of 
square Metalite sandwich plates indicates fair agreement between theory 
and experiment. 


INTRODUCTION 


The necessary condition that the wing surfaces of modern high-speed 
aircraft remain smooth -under high loads has led to the use of the sand- 
wich plate as a substitute for sheet— stringer construction. Sandwich ■ 
plates consist of two thin sheets of metal separated by a low— density, 
low— stiffness core which, though contributing little to the strength of 
the plate, serves to increase tremendously the flexural stiffness of the 
load— carrying faces . The increase in flexural stiffness is somewhat 
offset, however, by deflections due to shear which become appreciable 
because of the low stiffness of the core. 

Several papers which extend ordinary plate theory to take deflections 
due to shear into account have appeared recently in this country. The 
extension is made approximately in reference 1 by. means of the assumption 
that any line in the core that is initially straight and normal to the 
middle surface of the core will remain straight after deformation but will 
deviate from the normal to the deformed middle surface by an amount that 
is proportional to the slope of the plate surface, the proportionality factor 
being the same throughout the plate . The theory is used to obtain approxi- 
mate criterions for the compressive buckling of plates with various 
edge— support conditions . The criterions are corrected for the effects of 
plasticity by replacing the Young's modulus of the face material every- 
where it appears in the buckling formulas by a reduced modulus. 
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this method of correction "being partly- justified "by the consideration of 
its theoretical effectiveness in connection with the plastic "buckling of 
simply supported sandwich columns . Reference 2 presents a small-deflection 
theory for elastic tending and "buckling of orthotropic sandwich plates which 
considers shear deformations in a more refined manner. Reference 3 presents 
a large-deflection analysis of elastic isotropic sandwich plates and 
reduces the equations to small— deflection form to solve the problem of the 
compressive "buckling of simply supported sandwich plates. The theories of 
references 2 and 3 can "be shown to reduce to that of reference 1 in the 
case of the problem of the compressive buckling of simply supported plates. 

In the present paper the theory of reference 2 is applied to the 
problem of the campreBsive buckling of simply supported Metalite type sand- 
wich plates. The particular sandwich considered is one for which face- 
parallel stresses in the core may be neglected so that all the applied 
load is carried by the faces. Furthermore, the faces are assumed to be 
very thin compared with the core. The stability criterion obtained is 
similar to those given in references 1 and 3 . The theory is also extended 
to the plastic range in much the same manner as was done in reference 4 
for solid plates and is used to determine the plastic compressive buckling 
stress of simply supported Metalite type sandwich plates. Charts for the 
analysis of long sandwich plates stressed in the elastic range or in the 
plastic range are presented for plates having face materials of 
24S-T3 aluminum alloy, 75 S— T 6 . Alclad aluminum alloy, and stainless steel. 

The theory Is checked by a comparison of computed and experimental 
results for square sandwich plates with 2^S— T Alclad aluminum-alloy 
faces and end— grain balsa cores . The experimental results were obtained 
from reference 5 . Fair agreement's found between theory and experiment. 


SYMBOLS 


x ,y 


coordinate axes (fig. 1 ) 




Young’s modulus for face material 


Eg secant-modulus for face material 

1 

E t tangent-modulus for face material 

o 1,3% 




__ E S 
- fif- 


% 


Poisson’s ratio for face material 


G 


c 


shear modulus of-core material 
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u f 

n 


B 


cr 


k‘ 


*P1 

k» 


Pi 


m 


face thickness 


core thickness 


flexural stiffness per unit width, of sandwich plate 
/^ f t f (h c + t f )' \ 


V 2(1 -d f 2 ) / 

flexural stiffness per unit width of sandwich team. 

(wv^vf) 

plate length 
plate width 

plate aspect ratio (a/b) 

Buckling stress 

elastic— buckling— stress coefficient 




elastic— buckling— stress coefficient based upon = 2 
( 3 ’ b 2 °cr t f\ 

Vi -^7 

plastic— buckling— stress coefficient 


/2b 2 cr,™t 


cr°f \ 

) 

plastic— buckling— stress coefficient based upon ^ 

f 3 

V 5 ^7 

core shear— stiffness parameter for sandwich plate 




,b 2 G, 


core shear— stiffness parameter for sandwich column 


c 


number of half-waves in buckled plate deflection surface 
in direction of loading 
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RESULTS AND DISCUSSION 


Compressive "buckling formulas for simply supported flat rectangular 
Metalitre type sandwich plates are derived in the appendixes for "buckling 
in either-the elastic range or in the plastic range . The equation for 
compressive buckling in the elastic range is obtained in appendix A by 
use of the theory developed in reference 2 . The theory is modified in 
appendix B to obtain the equation for compressive buckling in the plastic 
range . 

Elastic range .— Ear finite plates the buckling-e tress coefficient 
is given by equation (Aj) of appendix A as follows: 



Consecutive integral values of m are substituted into equation (l) until 
a minimum value of the buckling coefficient is obtained for given values 
of p and r. Ear infinite plates the coefficient reduces to 

k = - (r < 1 ) ( 2 ) 

(1 + r ) 2 

and 

(r £ 1) (3) 

When the core shear stiffness is infinite- (r = 0), equations. (l) and (2) 
reduce to the well-known buckling criterions for isotropic plates with 
deflections due to shear neglected. 

Equations (l) to ( 3 ) are presented graphically in figures 2 and 3 . 
Figure 2 shows that - the effect of finite core shear stiffness is not only 
to decrease the buckling stress but also to increase the number of half- 
waves in the buckled plate. If the core shear— stiffness parameter is 
equal to or JeelTthan 1 . 0 , the wave length of buckle becomes infinitely 
small, in which case the restraint to buckling offered by the side 
supports has no effect. The buckling— stress coefficient is then inde- 
pendent of the plate - aspect ratio (3 and is determined by the shear 
strength of the core. 

Elastic range .— When the buckling stress 1 b in the plastic range the 
buckling coefficients are given by the appropriate - one of equations (BIO) 
to (BI 3 ) of appendix B. Since the buckling coefficient is given by these 
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equations as a function of the "buckling stress, a graphical method must 
"be used to analyze a given plate. The "buckling coefficient given by 
equations (BIO) to (BI 3 ) is defined as 


k‘ 


3 b 2 ‘ I cr t f 


pl '2 A 

Equation (4) can be rearranged to give 


w 




3 °cr 


b 2 t f 2 k* 


( 5 ) 


Pi 


so that 


b 2 t^ 


is now given in terms of the buckling stresB, the shear- 


stiffness parameter 


«2b 


b% c h c 


and the plate aspect ratio P all of which 




are contained in k' . . For a given value of B, curves of 

pi B 2 


against 


b t 


buckling stress can be plotted for various values of the shear-Btiffness 


parameter 


n% 


b% c h c 


Then for a given plate — — and — are defined 


b 2 tf 


by the plate dimensions and material properties and the buckling stress 
may then be obtained from the appropriate curve. 


Since equations (BIO) to (BI 3 ) are valid only for plates with a 
Poisson* s ratio of l/2, the buckling stresses computed by the foregoing 
method from, those equations are in error far plates having other Poisson’s 
ratios and must be corrected. The correction process used in the present 
paper is the following: For a given plate the plastic buckling stress 

based on a Poisson’s ratio of l/2 is computed by the foregoing method. 

The buckling stress for a perfectly elastic plate is also computed by using 
the appropriate one of equations (Blk) to (Bl 6 ) which are also based upon 


a Poisson’s ratio of l/2. It is assumed that for given values 

the ratio of the plastic and elastic stresses is 


of 


b 2 t. 


and 


^c^c 


independent of Poisson’s ratio. Then for any other value of Poisson’s 
ratio the corrected buckling stress is given by 
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cr cr = tj x Elastic buckling stress for actual value of p f 
k 

= ’l 2 

2 o‘ t f 1 — p f 


( 6 ) 


where r\ is the ratio of the plastic and elastic buckling stresses 

computed on the basis of p^. * i and k is determined from, equations (l) 
to (3) as 

i2 


(il» 


1 + 




1 - Pf 2 \ 


1 + 




( 7 ) 


for finite plates and 
k = 


1 + ^^c^c 


(- f*- % 1 

^b^Gchc 


- P f 


(8) 


k = 


1 - Pf 
/« 2 B n 
Vb^cV 


( £ 1 - Pf 
Ib^Gc^ J 


( 9 ) 


for infinitely long plates. 


— » 2 t 3 

Curves of — against-the corrected buckling stress for various 

b 2 tf- 
o_ 1 

values of — may now be drawn. Different sets of curves are obtained 

b 2 G c hc 

for different values of p f . 

Charts for the analysis of infinitely long sandwich plates were 
constructed by the foregoing method for face materials of 2^S— T3 aluminum, 
alloyj 758 — Alclad aluminum alloy ^ and stainless steel and are presented 
as figures k, 6 , and 8 , respectively. 'In each case Pf was taken 

as 1/3. These charts are based upon typical face-material stress— strain 
curves which are presented as figures 5 ( a )j 7 ( a )j an & 9 ( a ) • Since the 
equations used do not depend on the stress— strain curve itself but upon 
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its shape as given by the curves of Eg/Ef and Bp/Ef as functions 
of stress (figs. 5(b), 7 (b), and 9(b)), Metalite type sandwich plates 
having faces of any material for which curves of Eg/Ef and E-t/E-p against 
stress are similar to those of figures 5 (b), 7 (b), or 9 (b) may be analyzed 
hy means of the corresponding chart. 

The charts of figures 4, 6 , and 8 for infinitely long Bandwich 
plates may he used with little error for finite plates whose aspect ratio 
is greater than 3 . An extension of the curves of figure 2 would indicate 
that in this range of aspect ratio the buckling coefficient is essentially 
given hy that for the infinitely long plate, especially if the core shear 
stiffness is low. 

Comparison of theory and experiment .— An experimental check of the 

equations derived in this present paper for the compressive buckling of 
simply supported Metalite type sandwich plates was obtained by a comparison 
of computed and experimental buckling stresses of square plates having 
24S— T Alclad aluminum-alloy faces and end-graiit-balsa cores of various 
thicknesses (fig. 10). The experimental results were obtained from 
reference 5 • 

The computations involved in the determination of the theoretical 
stresses were shortened by using the typical stress— strain curve of 
figure 5 for 24s— T 3 aluminum alloy instead of the stress— strain curves 
presented in reference 5 for 24S— T Alclad aluminunt-alloy sheet of various 
thicknesses . The stress— strain curve used is approximately the average 
of the actual stress— strain curves. 

As indicated by figure 10 the agreement between computed and exper- 
imental stresses is fair, the computed stresses being on the average 
8 percent higher than the experimental stresses. In individual cases, 
however, the deviation is as high as 25 percent on the unconservative 
side. An investigation of the experimental data reveals that same of this 
deviation can be traced to a scattering of the experimental buckling 
stresses for plates having essentially the same dimensions. Same error 
too is involved in the computation of the buckling stresses with the 
use of an average stress— stra in curve for the face material. 

The theoretical buckling stresses obtained by using the results 
of the present paper agree reasonably well with the theoretical results 
obtained in reference 5 by using the stability equation of reference 1. 
Differences in these theoretical results arise mainly because the 
flexural stiffnesses used in the present paper are theoretical while 
those used in reference 5 were obtained experimentally. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., December 29, 19^8 
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APPENDIX A 

DERIVATION OF COMPRESSIVE BUCKLING EQUATION FOR 
SIMPLY SUPPORTED METALITE TYPE SANDWICH 
PLATES STRESSED IN THE ELASTIC RANGE 


The compressive buckling criterion for simply supported Metalite type 
Bandwich plates (fig. 1) stressed in the elastic range may be derived 
by means of equations (5a) to ( 6 c) of reference 2. In the equations seven 
physical constants of sandwich plates (two Poisson’s ratios, two flexural 
stiffnesses, a twisting stiffness, and two shear stiffnesses) must be 
specified. In order to determine the physical constants, the following 
assumptions are made in the present paper: 

1. The faces and core are isotropic. 

2. Face— parallel stresses in the core may be neglected so that the 
applied loads are carried only by the faces. 


3 . Vertical shear forces are carried only by the core and are 
distributed uniformly across the thickness of the core. 

4. The faces are assumed to be very thin compared to~the core so 
that- the variation of face— parallel stresses across the thickness of the 
faces may be neglected. 


Under these assumptions the physical constants of Metalite type 


sandwich plates are 

p x = = \ig__ 




“ D y = ( 1 + Hf) D xy = 


D~. = Dq = G h 

Qx Wy c c 


E f t f 


( h c + 


> 


(Al) 


Equations (5 s ) to ( 6 c) of- reference 2 may then be written as 


M x - -® 


a / 

''dw _ J 

x \ , 8 

fa 

^Vl 


v "cix G c 


fa 

W_ 


(A2a) 
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M y --D 


M xy _ 


.8 /8w ^y \ + 8 /bvr 

8y \Sy G- C h c ) ^ \fhc 


^f D 8_ /dw _ Qy \ ^ 8_ /ow ^ 


8x: \8y 0- c h c y 8y \ox G-q^ 


82 m z ^Mxy &2M y S2w 

Sx2 ” 2 a^y + i^a” ' 2 “ ortf 

9s “ ay ax 
Q , . _ + *k 

8y 8y 


(A2c) 


(A2d) 


(A2e) 


(A2f) 


where M x , My, M^y are the bending and twisting moments, Q^-, Qy are 

the shear forces, and w is the middle— Stiff ace deflection at the 
point (x,y) in the sandwich plate. ‘Equations (A2) constitute the six 
fundamental differential equations for elastic buckling of Metalite type 
sandwich plates. 

An equation in terms of the middle— surface deflection w alone can 
be obtained. Substitution of the expressions for M x , My, and M^y given 
in equations (A2a) to (A2c) into equation (A2d) yields 


-D vV + -J-V 2 

G c h c \3x 8y / 
But, fr cm equations (A2d) to (A2f), 


2ff C rtfg = 0 


dQy _ 2 _ t ^w 
3T + 8T ' 2a ° rtf 5^ 


Hence equation (A3) reduces to 


V *Hr + (l - — V 2> \ 2g = 0 

V Gr C hc ) D 8x2 


Equation (A5) is identical with equation (Yl) of reference 3 for a plate 
under compression in one direction. 



mm TBbTsavriJfesaa 


famine© the ^^p^^ugsp 

surface may "be Eafiefi as ' ' 


£~tfiev$ef lection 


(»BA) (jL -.■!£) A + (jiL-^\JL IttfL-i = M 

\c4oO *6/ x6^ ,Vs& “Wd&h E ■ 

a b 

W S 6 „M% ~M^O_ 

ylSlding the stability cyil©5ion_: + ■_ s 

■"t.6 e yp y,6x6 s x6T 


c 4 o s *6 


(eSA) 


/a + 

.Mb 


W**) 


T^cy^-lue of m to be used i^e qu gfcfe i (-A.7^1 b that ■which yields 
lowest value of k for giveny^alue^of r and 0. 


eifi E^uati^s 
sandwich Elate 


with reegMt o no f$ 7 :fl? I %£i§ 

x.r.e eftr etu ltd-moo ( 2 A) aaoidsirpSE . etalq- xfoiwhnsa erfd ni (y.x) Jn.’oq 

*oyj edlledeM to ^iltoinL-utda'lT © rrol enoideupe IsidneieTlib iaJnenLftbrml 
0 _ . /l — r rioi whites 

S V' L + ^ \ (r £ l) (A8) 

jiso ends w noidoeXleJb fcisliiJe— elbbini entf to wxs^ ni noldai/oe nA 


nso ends w noidoeXleJb 4 isliXe— eXJbJbioi er 


no i dance nA 


revls yjc M brrs t yM^ t =M 7 T! 35 T TOtjj: eoeigxe end lo no±dirdldedb 2 .JbenlflJiio ecf 

sbxkrY + ( : 5 sSrA) noidanpe odai (oSA) oi (uSA) snoidnupe n± 


0 CE- 

=*°l “ ” 7 r 

jj. = 1 I , (ISA) od 'Ti>SA) _s 8noiJj 


(A9) 

b£A) Bnoidaupe moil , Jeff 


The buckling coefficient givm by equation (A9) corresponds to failure 
of ( the core material under the 1 ■ j& qt ign • ; of^EhB c'h£© shear forces. 

■yb vb 7-b 

Equations (A7} to (A9) are similar to equations (7 6), ( 79 ) 1 and ( 79 a) 
of reference 3. od aecnbai (fA) notdaxrpe eonefl 


0 = & ifs ag f (2 v,__a. _ A + v* 

->6 Q V ’ .jf-D / 


e 10I A a one IQ lei lo (XT) noidaupa ridlw IsDldnsJbi ei i',-A) frotdRirriFr 

’ : f >r, tO < ? r Tf!5 rr_r fjolB *1 'T^* F ’fJI r 
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APPENDIX B 


DERIVATION OE COMPRESSIVE BUCKLING EQUATION EQR 
SIMPLY SUPPORTED METALITS TYPE SANDWICH 
PLATES STRESSED IN THE PLASTIC RANGE 


When the faces of sandwich plates are stressed in the plastic 
range , the buckling theory used in appendix A is no longer applicable. 

The equations of equilibrium, equations (A2d) to (A2f ) , remain unchanged 
but the deformation equations, (A2a) to (A2c), must be modified to include 
plastic effects. This modification may be readily made by means of the 
plastic buckling theory of reference 4 which is based on the plastic 
stress— strain relations characteristic of the deformation theory of 
plasticity. The stress— strain relations involve the assumptions that the 
plate material is isotropic and incompressible and that no part of the 
plate unloads during buckling. 

Since in the sandwich plates considered in this paper the applied 
forces are assumed to be carried only by the faces and the stresses 
arising from these forces are assumed to be distributed uniformly across 
the thickness of the faces, the bending and twisting moments are given 
by the expressions 



where 8cr x , Soy, S^xy are small variations of the average stresses in 
the faces when buckling occurs from their values before buckling. The 
superscripts U and L refer to the upper and lower faces, respectively. 
The positive direction of is taken in accordance with that given 

in reference 1 and is the negative of that given in reference 2. 

Expressions for the variations of the average stresses in the 
faces may be obtained from the general treatment of reference 2. For 
the case of a plate compressed in the x— direction these equations are 
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- jjg) *l*o] * (^£j (oixi ♦ J x 2 1 
*°r-3% [( S 2 * I «l) T (5s-j P £) ( x 2 + i \) 

[« 3 

where 

€ 1 * 2*3 variations of middle— surface strains 

Xl, 2 j 3 P ar "* ls Plate "bending and twisting curvatures 
that-cause stresses in the faces 
z Q coordinate' of neutral surface of plate 

The upper and lower signs refer to the upper and lower faces of the plate* 
respectively. 

The deformations due to vertical shear consist merely of a sliding 
of the plate cross sections with respect to one another and hence do not 
contribute to the face stresses. The curvatures due to shear deflections 
therefore must he subtracted from the total plate curvatures to give the 
curvatures used in equations (B2) . Then* if the core is assumed to he 
stressed in the elastic range* 



The substitution of equations (B2) and (B 3 ) into equations (Bl) yields 
the modified deformation equations 
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M-r = — 


M v = - 


itB 

3 


t 3_ A 8 w _ _^x_\ r 1 8 / 8 w _ 0 >.y \ 
^dx \ 8 x G- C i Iq) 2 8 y l^Sy Gc h cy 


3 


8 /3w _ Qy \ + 1 3_ /3w _ Qx \ 

8 y \3y G- C h cy ) 2 3x \ 8 x G c h ^ ) 


> (B4) 


“xy “ ^1® 


2 L &L _ _Sx_\ + &_ /Ste _ 

87 l8x G c h a J 3 x ( 3 y G- C h ( 




Equations (B4) together with equations (A2d) to (A2f ) of appendix A 
constitute the six fundamental differential equations for plastic com- 
pressive "buckling of Meta Lite type sandwich plates. Equations (A2d) 
to (A2f) are 


8 1 2 Mx _ pC^Mxy 

8X 2 8x87 


8 ^My 

8 y 2 


2 cfcrt 



0-3 


.-^SL + ^ 

87 8 x 


> (B5) 


Q = _ .^ g. 
^ 8 x 


+ Jk 
+ SF 


Unlike the elastic "buckling theory, the theory for plastic "buckling 
does not yield a single equation in the middle— surface deflection w. 

The number of equations necessary for the determination of the compressive 
"buckling load may "be reduced to three if equations (B4) are substituted 
into equations (B 5 ), so that 


SQ,x 5 q,v 

3x 3y 


2cr cr t 



A d 2 + h-, 3 2 _ 3 3 S 2 Qy 

\4 oy- cSx^ 4 -ifcB /G-ohj. 4 8 x 8 y G^IIq 


8 / 8 s 
Sxl^Sy 2 



0 


>CB6) 


1 + a? 3 + <£_\ v = 0 

A- 3x2 3y2 4 tB / GtqIIq 3y \3x 2 8 y 2 / 


3 8 2 ^x + 

4 3x8y Gchc 



14 


NACA TN No. 1822 


The conditions that must he satisfied at the edges of a simply supported 
sandwich plate- axe 


w = M_ = = 0 

X <3- c h C 


_ Qt 

■ATT = * ■ "*• — 

7 


(at x = 0 , a) 


(at" y = 0 , t) 


> (BT) 


J 


Solutions of equations (B 6 ) that satisfy these boundary conditions are 

w =' A-^sin S|p£ sin ^ 


^ , AgOoe H .in f. 
= A 3 s±a M cos gl 


!> (B8) 


Substitution of equations (B 8 ) in equations (B 6 ) yields the set of 
equations 


r(?T +ci (f ) 2 





°<f S ) 2 *t^ 2 ]^-ff a f A 3- 0 

+ (“) 2 ] ai - j ? ? * c^ 2 + (fj +i • ° 

? A 3-° 


/ (B9) 


Since Aq, Ap, and A^ must have values other than zero, setting the 
determinant of the coefficients of Ap, Ag, and A 3 equal to zero yields 
the stability criterion 




(BIO) 


The plastic campreBaive Buckling load of infinitely long sandwich plates may he ohtained 
hy minimizing equation (BIO) with respect to p/m. This procedure yields 



1 + 4c x + I+b^! - ljj 

15Ci-t) +|N(a-Ci) - 



(BH) 


Equations (B10) and (Bll) then determine the canqjressive “buckling load of infinitely long sand- 
wich plates. Far any given values of the Buckling stress and the shear stiffness parameter 0 , 
equation (Bll) is used to find the value of p/m that yields the minimum, value of k f pi. 

This value of p/m is then substituted in equation (BIO) to determine k*pi. If all the values 
of p/m given By equation (Bll) are imaginary; that is,- if 


s > 


k c x t 


(B12) 
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P/m must be taken equal to zero In equation (BIO) which beccmos 


H 

o\ 


k* 



(B13) 


which 10 identical with equation (A 9 ) if PoisBon’s ratio is taken equal to l/2 in the equation (A 9 ) 

If the "buckling stress is in the elastic range, Cq and i | r are equal to unity and the 
"buckling equations reduce to 



(Bl4) 


for compressive buckling of finite Metalite type sandwich plates and 



and 


I 
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k* 


_1 

W3 


i = 0 


> (a * (B16) 


for campressiYe "buckling of infinitely long sandwich, plates . 

Equations (Bl4) to (Bl 6 ) are identical with equations (A 7 ) to (A 9 ) if 
Poisson’s ratio in equations (A 7 ) to (A9) is taken to "be l/2. 
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Figure 8.— Design chart for long Metalite type sandwich plates with 

stainless— steel faces, tif = 
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Figure 10. — Comp ar ison of calculated and experimental lucHing stresses 
for sq uar e MetaJLite sandvich plates vith 2iS— T Alclad aluminum— alloy 
faces . 



